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COMPLETE LEFT IDEALS IN TERNARY SEMIGROUPS

BINDU.P, SARALA.Y, SRINIVASA RAO.T, MADHUSUDHANA RAO.D

ABSTRACT. In this paper we introduce the notions of complete leftideals in
ternarysemigroups. We also define direct product and left unit of a ternary-
semigroups. And obtain some results from these ideals. We obtain the rela-
tion between the complete leftideals and set of all (0,1) regular elements of a
ternarysemigroups.
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1. Introduction

In 1961, the theory of semigroups was investigated by clifford[2]. In 1962,
Petrich[5] first introduced the concept of prime ideals of the cartesian product of
two semigroups and proved some results. We refer several prime ideal theorems in
ternarysemigroups was investigated by Shabbir[7] and also different types of ideal
theorems in ternary semigroups (see [4,6,8]).

Our aim in this paper is to develop a body of results on the complete leftideals
of ternarysemigroups, that can be used like the more classical results on ternary-
semigroups. A pioneering and inspiring work in this direction is briefly sketched at
the paper by Fabrici[3], but it long looked like an isolated attempt.

Definition 2.1: A nonempty subset L of a ternarysemigroup T is a complete
leftideal of T"if TTL = L.

A nonempty subset L of a ternarysemigroup T is said to be a complete leftideal
of T'if a € L there exist x,y € T; b € L such that zyb = a.

Theorem 2.2: The non empty union of any two complete leftideals of a ternary-
semigroup T' is a complete leftideal of T.

Proof: Let Ly, Ly be two complete leftideals of T. Then TT Ly = Ly; TT Ly = L.
Hence TT (L1 U Ly) =TTLy UTT Ly = Ly U Ly. Which proves our assertion.
The next example gives a negative answer.

Example 2.3: Let T' = {w, z,y, 2z} be a ternarysemigroup with the multiplication

table.
wl| w w w w
r | w w x 2
Yyl w w oy 2z
2|l w w y =z

Ly = {w,z,y}, Ly = {w,x, 2z} are complete leftideals in T', but L; N Ly = Ly =
{w,z} is not a complete leftideal of T'.
Hence the intersection of two complete leftideals is not a complete leftideal.
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Theorem 2.4: The union of any family of complete leftideals of a ternarysemigroup
T is a complete leftideal of T'.

Proof: Let {Lq}, ., be a family of complete leftideals of a ternarysemigroup T
Let L = Uyea La- Clearly L is a non empty subset of T. Let a € L; z,y € T

acL=acUycpla=acL,forsomeacA ac€Ly>a,ycT,be Ly;
L, is a leftideal of T' = ayb = a € UaGA L, =L = xyb = a. Therefore L is a
complete leftideal of T'.

Definition 2.5: A leftideal L of a ternarysemigroup 7 is called a minimal if there
exist no leftideal of T' properly contained in L. Evidently, every minimal leftideal
of a ternarysemigroup T is a complete leftideals of T

Definition 2.6: An element a of a ternarysemigroup T satisfies the condition
(m,n) if there exist an element & € T such that a = a™za™. Here m,n are non-
negitive integers, a’ means the void symbol. The set of all elements satisfying the
condition (m,n) is called a class of regularity and will be denoted by R: (m,n).

If all the elements of a ternarysemigroup T' satisfy the condition (m,n) we shall
write T'= Ry (m,n).

Theorem 2.7: Every leftideal of a ternarysemigroup T is a complete leftideal of
T if and only if T'= R, (0, 1).

Proof: Suppose every leftideal of T' be complete. Let a be any element of T. The
left ideal a U TTa satisfies

TT (aUTTa)=aUTTa

e TTaUTTTTa=aUTTa.

Hence TTa =aUTTa.

Therefore a € TTa, which proves that T = R (0,1).

Conversely assume that 7' = R; (0,1).

Let L = J,c, a be a left ideal of T
Then TTL 2 {U(LEL :L.“} {U(LEL :L.“} {U(LEL a} 2 U(LEL Talal = U(LEL a=L.
On the other hand since L is a left ideal , TTL C L. Hence TTL = L. Hence L is
a complete leftideal.

Corollary 2.8: Every leftideal of a ternarysemigroup 7T is a complete leftideal of
T if and only if T'= R; (0,1) = R; (1,0).

Definition 2.9: An element a of a ternarysemigroup 7T is said to be a left unit of
T provided aat =t Vt € T.

Theorem 2.10: If T contains a left unit , then every leftideal is complete.

Proof: Let t be a left unit of 7' and L be a leftideal of T'. Let L be a leftideal of
T=TTLCL. Let t € L=2 €T and tis a left unit of T.

= x = tte € TTL. Hence L C TTL. Therefore L = TTL and hence L is a
complete leftideal of T'.

Theorem 2.11: If all leftideals of T are complete, then 7% = T.

Proof: Suppose all leftideal of T" are complete, then T itself is the leftideal of T'.
Hence T3 = T.

Theorem 2.12: If T'= R; (1,1), then every leftideal of T' is complete.

Proof: Similar to therorem 2.7.
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The next example of a ternarysemigroup shows that the converse of the theorem
2.11 need not hold.

Example 2.13: Let T be an additive ternarysemigroup of positive numbers. Then
T3 =T. Let {a,00) with @ > 0. Then TTL = (a,00) C (a,00) so that L is not
complete.

If not every leftideal of a ternarysemigroup T is complete, then essentially less
can be said about the ternarysemigroup. This statement holds.

Theorem 2.14: If L C R, (0,1), where L is a leftideal of a ternarysemigroup T,
then L is complete leftideal of T'.

Proof: The statement follows from the assumption and from part of the proof of
theorem 2.7.

The ternarysemigroup in example 2.13 shows that the converse is not true. It
is sufficient to take L = (a,00). It can be easily shown that L is complete but
L c R, (0,1) does not hold.

Definition 2.15: Let {T;},.; be an arbitrary system of ternarysemigroups. Denote
by T the set of all functions £ defined on I such that & (i) € T;. Introduce in T' a
multiplication in this way:

If z,y,z € T are arbitrary elements of T. Then the product p = xyz is given
by p(i) = x (i) y (i) z (i) for every ¢ € I. The set T" with this multiplication is a
ternarysemigroup, which is called a direct product of ternarysemigroups {T;}, ¢ € I

and is denoted by T' =[], T:

Theorem 2.16: If L; is a leftideal of a ternarysemigroup {T;}, i € I, then L =

[Lic; L: is a leftideal of the ternarysemigroup T' = [],.; T

Proof: Let a € L, b, cGT;
a€l = ac]le;Li
= a € L, for each 1 € I. a€ L;;bceT;; L;is a leftideal of T; = bea € L;.
bea € Ly, for all i € I = bea € [[;c; Li = bea € L.
This proves our statement.
Let us put the question, whether the completeness of leftideals LiinT;, iel,

implies the completeness of leftideal L = [],c; Li in T = [],c; T,

Theorem 2.17: Let L; for every i € I a complete leftideal of the ternarysemigroup

T, then L =[],.; L; is a complete leftideal of T' = [[,.; T;

Proof: Let L; be a complete leftideals of a ternary semigroup T, hence T;T;L; =
L;.

We have to prove that for any p € L, there exist v € L and «, 3 € T such that
afv =p

Since L; is a complete leftideal of T;, there exist for every p (i) = a; € L; three
elements b; € L; and z;,y; € T; such that z;y;0; = a;. The function v, «, 8 defined
by v (i) = bs; a (i) = xy; B (1) = y; satisfy oy = pu.

This proves our statement.

Theorem 2.18: Let L be a complete leftideal of a ternarysemigroup 7' = []
Then

a) P; (L) is a complete leftideal of T;.

b) [I;c; Pi (L) is a complete leftideal of Tj.

zEI
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Proof: a) Let L be a complete leftideal of a ternarysemigroup T' = [],.; T;. The
fact that the P; (L) is a leftideal of T; is known from [3]. It is only necessary to
prove that it is complete. Let « (i) € P; (L). To prove that P; (L) is a complete
leftideal, it is sufficient to show that there exist b; € P; (L) and x;,y; € T; such
that L,y7b, = ;.

Since a; € P; (L), it follows that there exists an element p € L such that p (i) =
a;. Since L is a complete leftideal of T' = []._; T}, there exists an element v € L
and «, f € T such that afr = pu.

This means that for every i € I, we have « (¢) 8 (i) v (i) = u (¢) where p (¢) = a;,
v(i) =b € P(L) and (i) = z; € Ty; f(i) = y; € T;. Therefore, we have
2;y;b; = a;. This proves (a).

b) The statement (b) follows from (a) and theorem 2.17.

i€l

Theorem 2.19: A ternarysemigroup T = [],.; T; satisfies the condition (m,n) if
and only if each of the ternarysemigroup T; satisfies the condition.

Proof: Let us assume that every ternarysemigroup T; satisfies condition (m,n).
Let o € T' be an arbitrary element. Then a (i) = a; € T; for every i € I.

Since T; satisfies condition (m,n) there exist z; € T;
such that a; = a]*z;a] — (1)

Define 7 € T' by the requirement that 7 (i) = x; for every ¢ € I. The relation (1)
can be written in the form « (i) = [a (4)]" 7 (i) [ (i)]" for every i € I. This means
a = a™na™. But the last relation says that T = [[,.; T; satisfies the condition
(m,n).

Let T = [],c; Ti satisfies the condition (m,n). Let a; € T; be an arbitrary
element. Then there exist at least one element o € T such that « (i) = a;. Since T
satisfies the condition (m,n), there exist an element n € T' such that o = ona’.
Hence for our ¢, a; = a}"z;a}*. This means that T; satisfies the condition (m,n).
Theorem 2.7 and 2.19 imply:

i€l

Corollary 2.20: Every leftideal of the ternary semigroup T' = [[;; T; is complete
if and only if every leftideal of the ternarysemigroup 7T; (i € I) is complete.

Corollary 2.21: The following statements are equivalent.
a) Each of the ternarysemigroup T; (i € I) satisfy condition (0, 1).
b) The ternarysemigroup 7' = [],.; T; satisfy condition (0, 1).
c¢) Every leftideal T; (i € I) is complete.

d) Every leftideal of T' = [],.; T} is complete.

Proof: (a) = (b) according to theorem 2.19.
(b) = (c) according to theorem 2.19 and theorem 2.7.
(¢) = (d) according to corollary 2.20.
(d) = (a) according to corollary 2.20 and theorem 2.7.

Definition 2.22: A leftideal L of a ternarysemigroup 7T is called a semiprime if for
every element a € T and an arbitrary integer n the relation o™ € L implies a € L.

Theorem 2.23: Every leftideal of a ternarysemigroup 7' is a semiprime ideal if
and only if T' satisfies condition (0, 2)

Proof: Suppose that L is a leftideal of a ternarysemigroup 7' and [ € L.
l€ L Lis semiprime = ()° CL=1le L. If()°CL= (P)CL=clL.
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we can write [ = 13 = [01]2.
Therefore T satisfies the condition (0, 2) .

Conversely suppose that T satisfies the condition (0,2) and L is a leftideal of T'.
Then there exist a € T such that a = ¢®aa®? = a=a® = a*cT. = <a3> CL=

(a)® C L. Therefore (a)® C L = a € L = L is semiprime.

Theorem 2.24: Let L, be a left semiprime ideal T; for every ¢ € I. Then L =
[I,c; Li is a left semiprime ideal of T' = [[,., T;.

Proof: Let & € T = [],.; T; be an arbitrary element and let o € L = [[,o; Ls.
Then [a (i)]" € L; for every i € 1.

Since L; is a semiprime ideal of T;, we have « (i) € L; for every ¢ € I. Hence
a€ L= Hie] Lz

Corollary 2.24: Let every leftideal of a ternarysemigroup T; be a semiprime ideal
of T; for every ¢ € I. Then

a) Every leftideal of T' = [],; T; is a semiprime ideal of 7.

b) Every leftideal of T' = [],.; T; is a complete leftideal of T'.

Proof: The statement (a) follows from theorem 2.19 and theorems 2.23 and 2.24.
The statement (b) follows from the relation Ry (mqy,n1) C Ry (ma,ng) If my >
msa; ny > ng and from theorem 2.19.
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